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Abst ract - -A  m,merical method, based on the Crank-Nicolson discretlsation, is applied to one- 
dimensional thermoelastic contact problems. Such problems can be reduced, using an appropriate 
trasformatlon, to the heat equation with a nonlinear and nouloc_.al source term. It is proved that  the 
method converges. A nnmher of numerical experiments are presented to illustrate the method and 
the behavier of the solutions to the problem. 
I. INTRODUCTION 
We consider a finite difference method for the numerical solution of problems of thermoelastic 
contact in one space dimension. We prove the convergence of the numerical solutions to the 
unique solution of the problem. Then we present some numerical examples which indicate an 
interesting behavior of the system. This paper contributes the first numerical scheme with proven 
convergence, for the solution of one-dimensional problems of thermoelastic contact. 
Processes with thermoelastic contact are very common and are of considerable industrial im- 
portance. They arise in the processes of castings and moldings, and in connection with the 
operation of thermostats and valves as well as in the thermal expansion of cylinders and engine 
heads, etc. Clearly there should be a considerable interest in industry in mathematical models 
for the description of such processes and in the construction ofreliable numerical schemes for the 
approximate solutions of these problems. Yet, until recently, there were only few mathematical 
results concerning such problems and no results about convergent numerical schemes. This is 
because of the mathematical difficulties involved in the modeling and analysis of thermoelastic 
contact problems. The investigation of such problems can be found mainly in the engineering 
literature where the interest is concentrated on the modeling of the contact conditions and the 
considerations of the uniqueness and stability of such systems [1,2]. The problem of thermoelastic 
contact in prestressed duplex tubes of a heat-exchanger in the Experimental Breeder Resctor II 
was considered by Srinivasan and France [3] to explain apparently erratic heat transfer perfor- 
mance. 
The mathematical investigation of quasistatic, thermoelastic contact problems in one space 
dimension was carried out recently in [4-7], where existence, uniqueness and stability of solutions 
were proved for various boundary conditions including stress dependent heat exchange conditions. 
The n-dimensional case was considered in [8]. 
Here we present a convergent scheme for the numerical solution of such problems. Obtaining 
error estimates i left open. It is an application of the Crank-Nicolson method to this new 
problem which has a nonlinear and nonlocal source term. The scheme is based on the nontrivial 
observation, first shown in [5], that the one-dimensional problem decouples. This feature does 
not hold in general in more space dimensions, but it holds in problems with cylindrical symmetry. 
Therefore the method presented here applies only to one-dimensional problems, but can be readily 
We would like to thank Ian Bradbury for his help. One of the authors, Xiu Lin Zou, was the recipient of the 
OAIdA~d University Graduate Research Grant. 
65 
66 P. Sm et 6L 
modified for problems with cylindrical symmetry. We would like to stress that in view of the 
mathematical intricacy of such problems, it is important, from the point of view of applications, 
to have numerical schemes for which convergence r sults can be obtained. Then one may have 
confidence in the numbers that such schemes generate. As far as we know this is the first result in 
this direction. This means that caution must be exercised when using the available commercial 
codes, as their convergence properties are not known. We hope that our work will eventually 
lead to general and efficient numerical schemes with proven convergence. 
The physical setting and the mathematical problem axe described in Section 2. The relevant 
theorems of existence, uniqueness and asymptotic behavior are stated as well. The numerical 
scheme for such problems is described in Section 3 and our convergence r sult, Theorem 3.1, is 
stated. The scheme is shown to be conditionally stable (~ < 1). Auxiliary results and the proof 
of Theorem 3.1 axe given in Section 4, which is very technical. Some numerical experiments are 
shown in Section 5. It is seen that even a "simple" (i.e., one-dimensional) problem can produce 
an interesting behavior, namely oscillations (contact/no contact) of the free edge. 
2. THE PROBLEM 
In this section we present he problem, following [5], where a more complete description can be 
found. The problem under consideration models a homogeneous elastic rod, which is held fixed 
at one of its edges while the other edge is free to expand or contract, as a result of the evolution 
of its temperature and its stresses. But the expansion is lLmited by an obstacle, a wall, which 
blocks further expansion, once the rod contacts the wall. As the inertial term is neglected, the 
problem considered is quasistatic. 
Let the reference configuration of the body (at zero temperature) be the interval [0,1], the 
body is held fixed at z = 0 and the obstacle is at the position z = 1 +g, for some constant g > 0. 
Thus g is the nominal gap as is depicted in Figure 1. 
x 
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Figure 1. The setting of the problem. 
Let 0 -- 0(z,t) be the temperature and u = u(z,t) the displacement. Then the field equations 
for the process can be written, following Day [9], as 
Ot-O~=-au~t O<z<l ,  O<t<__T, (2.1) 
ux= - aO= O < z < l ,  O < t <. T,  (2.2) 
where subscripts denote partial derivatives and a is the coupling constant (a > 0). To complete 
the model we assume that 0 = 1 at z = 0 for 0 _< t <_ T, 0 = ~(z) initially, and u = 0 at z = 0 
for 0 < t < T. The boundary conditions for the temperature at the free edge are taken as 
o=o z=i ,  0<t<T,  (2.3) 
or 
-0= = ~0 z = 1, 0 < ~ < T, (2.4) 
i.e., either the Dirich]et condition or the heat exchange condition with constant coefficient ~(> 0). 
The contact conditions for the displacement is the usual Signorini condition [I0]: 
u <_ g, ~ < 0 and o'(u - g) = 0, z = I, 0 < t < T. (2.5) 
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Here ce = ~r(z, t) is the stress and the conditions (2.5) mean the following. The right edge can 
not penetrate the wal], u(1,t) < g, and the stress at the edge is compressive or zero. Either there 
is contact when u(1 , t )  - g and ~(1,t) _< 0, or the edge is free when u(1,t) < g and ~(1,t) -- 0. 
The model consists of the equations (2.1) and (2.2), the initial and boundary conditions and the  
contact conditions (2.5). 
In the following we summarize the relevant results obtained in [4-6]. We consider only the case 
of homogeneous Dirichlet boundary conditions for the temperature since we may use 0 - 0-1-1-z 
instead of 0. Thus {u, 0} are the unknowns in the problem. It was discovered in [5,6] that the 
problem can be decoupled even with the nonlinear condition (2.5). Here we consider the decoupled 
version of the problem. The problem with the radiation condition (2.4) may be considered 
similarly. 
We use the notation GT -- (0, 1) x (0, T). Let 
H~-H(~T) - -  {0EHI(~T);#--0OnZ-- - -0,  1 0~= EL2(~T)} 
be the Hilbert space with norm 
/ ,  
IlOll z = ÷ ÷ 02=.)dz dr. 
Then the problem can be equivalently written as: 
find 0 E H such that 
( l+a~)Ot -0xz=a-~ max a O((,t)dg+ ~a-g ,O a.e. i naT  (2.6) 
0 = ~ a.e. in (0, 1), t = 0. (2.7) 
Here ~ E H~(0, 1) is the initial condition. Notice that the right hand side of (2.6) is nonlinear 
and nonlocal. The derivatives are understood in the weak sense. A function 0 E H that solves 
problem (2.6) and (2.7) is called a strong solution .
Once the temperature is found, by solving (2.6)-(2.7), the displacement is obtained by 
z ( )11 I/01 1 t u(z ,~)  " -  a 8(~,t)d~ + az zz  - z  max a 8(~,t)d~+ 2a-g ,O  (2.8) 
as was shown in [6]. 
It turns out, in this one-dimensional problem, that the mechanical quantities that are of interest 
to the engineer, namely the position of the right edge and the stress in the rod, can be obtained 
directly from 0 by 1} .0,0= mi.  . O( ,Od  + g . ,g  (2.9) 
and 
(/o 1 t o(z , t ) - -max a O(~,t) d~+ 1a-g ,0  . (2.10) 
It is seen that the stress is spacially uniform, i.e., independent of z. 
We have the following existence and uniqueness results. 
THEOREM 2.1. Assume that ~o E H 1 (0, 1). Then problem (2.6)-(2.7) has a unique strong solution 
0 for any 0 < T. Moreover the pair {9, u}, where u is ~ven by (2.8), is a strong solution to the 
original problem (2.1)-(2.3) with (2.5). 
PROOF. Existence for a <: 1 was proved in [4]. Relaxation of this condition was obtained in [6]. 
The uniqueness was proved in [5]. 
Since the solution exists for all time, it is of interest o find the asymptotic limit, as t ---* oo. 
This was done in [5] where the following was shown. 
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THgORgM 2.2. Under the above assumptions 
lim 0(z, t) -- 0. 
t--*oo 
Moreover 
lira = 
It-*oo 
is the ste ), state  ol.tion of (2 and  iven by 
(2.11) 
(2.12) 
1 
(i) ~(z) = az(1- ~z) ifa < 2g, 
I 
(ii) ~(x) = gx + ~az(1 - z) if a >_ 2g. 
Thus the mechanical behavior, for large t, is controlled by a and g. For a < 2g there is no 
contact in the steady state and even if there is contact for some time, the edge will eventually 
leave the wall. For a _> 2g we have 5(1) = g, i.e., contact exists in the steady state, and eventually 
the right edge will stay at the wall. 
Similar existence, uniqueness and asymptotic behavior were established in [6] for the problem 
with the radiation boundary condition (2.6) instead of (2.3), when ~ = constant > 0. Some 
aspects of the problem when ~ depends on the stress (when there is contact) and on the gap 
between the right edge and the wall (when there is no contact) were considered recently in [7]. 
There the boundary condition -0= = 8(.)0 was assumed to be of the form 
= - a 8(~,t) d~ (2.13) 
The physical motivation for such a choice of the argument of/~ can be found in [1,2,11] or [3] for 
instance. It follows from the observation that (2.5) implies that the variable 
r=g-u+~ 
measures the distance of the right edge from the wall when there is no contact (as ~ = 0), while 
it measures the contact pressure ~ otherwise (as u = g). That r may be written as in (2.13), i.e., 
/~(-) --/~(r) follows from (2.9) and (2.10). 
We turn to the numerical scheme for (2.6)-(2.7) in the next section. 
3. THE NUMERICAL SCHEME 
We use the Crank-Nicoison finite difference scheme for the leR hand side of Equation (2.6) and 
a retarded finite difference approximation for the right hand side. At each time step we solve a 
tridiagonal, diagonally dominant system of linear equations, related to the two preceeding time 
steps. Because of the dependence on two previous teps the overall scheme has two versions that 
differ in the first time step, depending on the initial temperature. More precisely it depends on 
whether a f01 ~(~) d~ < g - (a/2), i.e., initially there is no contact, or a f~ ~(~) d~ >_. g - (a/2) 
and there is contact initially. 
First we consider the case when there is no initial contact. Then it can be shown, using the 
continuity of the solution (see [5]) that for a short time interval there is no contact either. This 
fact is used in the first time step (n - 1) below. 
We partition f~T -- (0, 1) x (0,T). Choose M and N to be two positive integers and let 
T 1 
k=At -~,  h - -Az - -  ~ .  (3.1) 
For any function f (z , t ) ,  that is defined on fiT, we denote 
= mA ). (3.2) 
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Then the finite difference scheme for the problem is: 
find {0"m} , n = 1, 2 . . . ,  N and m - 1, 2 . . . ,  M - 1, such that 
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0~ - ~(0 .~+i  - 201 + 0~_i) = ~,,. + ~(~+i  - 2~ + ~,._i), (3.3) 
oo ~ =o~, =o (3.4) 
and for n = 2,3,...,N, 
1 1 n " n -1  0n-1  
- 1 
+ max ah 0 -1 + g,O - max .h  + , 
£----1 I----1 
(3.5) 
O~ = O~ = O. (3.6) 
Here A ---- At/ ( l+a~)(Az)  ~. In this scheme At and Az have to be chosen so that ah ~'~tM=I 1 01 < 
g - (a/2), that is there is no contact at t = At, so that (3.3) makes sense. This can he done by 
choosing M and N large enough. 
Thus the {0~,} are obtained, for each fixed n, by solving a diagonally dominant ridiagonal 
system of linear equations. 
It is necessary to consider the first time step differently from the following steps (n ~ 2) 
because of the retarded finite difference approximation that we use in (3.5) to represent the time 
derivative in the right hand side of (2.6). A different possibility is to discretize the right hand 
side of (2.6) by 
) )) max ah EO~- / - la -g ,O  -max ah y~ O~-l -b la  - g, O , 
L=l  L----1 
leading to an implicit nonlinear scheme. In such a case iterations are necessary at each time step 
to take care of the term with z.~t=l vt • However, this may increase unnecessarily the amount of 
computations. We define the piecewise constant functions ON, defined on f/T, by 
ON(X, t )  -~ O n h(m-  1) _~ z < hm, k(n - 1) ~ t < kn, (3.7) 
for n -- 1,2, ...,N and m = 1,2,...,M. We are interested in the limit N --* oo. 
The main result of this paper is the conditional convergence of the scheme (3.3)-(3.6). 
THEOREM 3.1. Assume that A • 1 and a f~ 9~(~) d~ < # - (a/2). Then 
lira 0N = 0 (3.8) 
N- .*~ 
where 0 = O(x,t) E H is the unique solution of (2.6)-(2.7). The convergence is in the weak 
topology of H and strongly in L2(0, T; H 1 (0, 1)). 
The proof is given in the next Section. From the proof we also obtain the following result. 
COROLLARY 3.2. There holds 
llOllL®(n,) _< c (3.9) 
where C is a positive constant hat depends only on a, max j~J and 9. 
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The case when there is initial contact, i.e., afo~(~)d~ >_. g - (a/2), is similar and the ~me 
results hold. The only difference in the scheme is that step (3.3) is replaced by 
M-1 ) 
1 1 a 1 
O~-~,~(O, .+ I -20k+e_~)  max ah ~O~+~a-g ,O 
1 +.a s t----1 1) 1 a ah y~ ~oz + 
= ~,. + ~(~, , .+~ - 2~,. + ~,._~) 1 + as ~a - 
t -= l  
(3.10) 
To solve (3.10) one has to use an iterative process as the problem for {0~} is nonlinear. Notice 
M-1 that since ah ~'~lfi ~t > g - (a/2) by assumption, the max was omitted from the right hand 
side of (3.10). Thus in this case the scheme is (3.10), (3.4)-(3.6). Convergence results similar to 
Theorem 3.1 hold for it. 
The numerical scheme for the problem with -0= =/30, (2.4), where/3 = constant > 0, may be 
constructed similarly with the obvious modification at z = 1, namely we use 
(1 -'['- h~)O~!  - 0~i_  1 = h (3.11) 
as 0~ is unknown, n = i, 2, . . . ,N .  A numerical example for such a problem is presented 
in Section 6. Moreover we present there an example of a problem with the nonloeal nonlinear 
condition (2.13) which is discretized numerically as 
(" ) ~'~ On-z 1 n 
l=1 
(3.12) 
4. CONVERGENCE OF  THE SCHEME 
We prove Theorem 3.1 using a priori estimates given in the following lemmas. Below A < 1 is 
fixed, so are M and N (since A = k/h2(1 + a s) fixing N fixes M and vice versa). First we show 
that On are uniformly bounded. This leads to Corollary 3.2. 
We use the following notation. 
~o.= rain ~, ~o*= ax o<B_<z 0~<z ~o, (4.1) 
a a s {a  } 
7-  l+a  s' 7 . -  l+a  s andb= max ~-g ,0  . (4.2) 
L~-MMA 4.1. There holds, for 0 < n < N and 0 < m < M, 
+ ~'~" (4.3) ~, <_o~_<~'+ ( l - -v , )  " 
PROOF. First we notice that ~o. <_ 0zm _< ~o* by the standard result for the discretized best 
equation so we consider 2 < n < N and, in view of (3.6), 1 ~ rn ~ M - 1. Indeed, since 0 = 0 
for m = 0 or M we do not have to worry about these values. We rewrite (3.5) as 
1 1 - . -1  ~rl -1 
on - (1 - A)0~ -z - ~A [(#n m - 0~n.i.l) + (0~ -- 0r~_l) ] + ~)t(0rn41 + m--l/ 
-max  . -g ,O  , 
l= l  g=l  (4.4) 
where rn = 1, 2 , . . . ,  M - 1. 
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Let m be the index such that 0~ = . ..m)~...0~. Then the quantity in the squaze brackets 
~__.t__.ae-~ 
in (4.4) is nonnegative. Thus, for all 1 _~ n ~ N, 
max 0~ < (1 - ~) zn~ 07 -1 + ~ max 07 -1 + 7(/n-1 - /~-a)  
= max o7 -~ +.~(z  " -~ - Xn-~),  (4.5) 
where we set I ~ = max (ah ~-~M-1 an ± z-,t=l ~t-T (a/2) - 9, 0). In turn (4.5) implies that 
max 0~' < max 0~ '-a + -r(/~-2 - I n -s )  + 3,(I n-1 - / , , -2 ) .  
Continuing this process leads, for 1 < n < N, to 
max 0~ < max 0~ + 7 In- l ,  (4.6) 
l -- l 
s ince /0 _ 0. The first term on the right hand is estinmted by ~* as noted above. We turn to 
the second term in (4.6). 
M-1 ) 
"y /a - l=Tmax ah E O '~- l+ la -9 ,O  <_Ta(M-1)h max O'~-l+"fb 
tffil 
< ~. max 02 -1 +~b <,. [  max o~ +,~-~]  +~b 
% [~in-2] -I- 7.~* + 7 b 
Here we used (4.6) repeatedly as well as the fact that Mh = 1. Continuing this reduction process 
we obtain (7. < 1) 
n-2 %~" + 7b (4.7) ~.t"-" <_(~.~" +~b)~.  ~ < T~.  " 
kffi0 
Combining (4.6) and (4.7) gives the right inequality of (4.3), The left inequality is obtained 
from (4.4) by considering 9,~ = mint 0~', the argument is slightly simpler, noticing that I n _~ 0. 
We turn to integral estimates of finite differences approximations of the various derivatives. 
PROPOSITION 4.2. There holds 
_ 0n_-1'~2 N~-~ 0,?, k,,EE <c,  
n: l  era1 
(4 .s) 
and 
( -I- - 0n-1 /2 n 0--1 20,~-1 + ~"' ~" 'N  M-1 e,~+l -- 2e,~ + Or,_ 1 "+1 ,--  < C~. 
kh _., ~_, h2 h" - 
n=l  m: l  
The constants C1 and C~ depend on the data but are independent of M, N or T. 
PROOF. We use the following inequality 
(4.9) 
I max {o , l ,~}-max { '2 ,~} I < l~1-~21 (4.10) 
that holds for any real numbers ~1, ~2 and/3. 
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We rearrange quation (3.5), square it, multiply by h and sum over 1 _< m _< M-  land  ob~__n 
M-z( _on_z)2 M-z(_o~_z) (1+a2)2h ~ on - ( l - I -a')h ~ On 
m=l 
n n,-1 ..t. 0 n-I ) × on+l -2On+o~_z  o~+1-2on -z w m, - -1  
h 2 + h 2 
/ - " 0"-z - 20n-1 n - l )  2 a2 M-~I 1 M--1 on+1 20n "~" On--1 m+1 "~" ~'~--I 
"~- ~h m~ 1 h2 + h~ - ~-~h (4.11) 
X max ah ~_~ o~- l+la-g ,O -max ah ~'~O~-2+la-g,O 
l= l  l=1  
< -~h h ~ (o~ -1 -o? -2) < a'h 2 ~ °n-~ _0~-2 , 
m=l  /=1 m=l  ~ " 
We used the Cauchy-Schwarz inequality together with (4.10). To proceed we need the following 
identity which holds for n - 1,2,... ,N. 
M-11Onm=1 ~ --~" ° '/Oft-1 .' (on.F 1 _ 2on + 0 _zh  2 "{- one1 20n-1 + Om_ l )h  2 n-1 
It follows from a straightforward calculation using the boundary conditions (3.4) and (3.6). We 
would like to remark that (4.12) is just the discretised version of the identity 
Nevertheless the discretised form has the right hand side as in (4.12) only when the Crank- 
Nicoison method is used. It turns out that this facilitates the next estimate since the summation 
of the right hand side of (4.12) over n results in a telescoping sum. 
We proceed, using (4.12), with the proof of the proposition. Substituting (4.12) in (4.11) gives 
I I 1') (7 )  0.0., o._, (1 "~" a2)2h ~ .Oh n_ 1 2 -lt" ( ~-~" )-~ M n h n 2 -- Ohm--1 ":~ .--1 m=l  
+ ~h ~ m+1 - On-z Om,+1 - 2on -z + "m-z  a4h2 0n z _ 0,~ 2 
m=l  m=l  "~" 
for n = 2, 3, . . . ,  N. We notice that for n = 1 the same estimate holds with the right hand side 
being equal to zero. We multiply by k and sum over 1 < n < N and obtain both (4.8) and (4.9). 
We may take C1 = 2(1+ a 2) f~ ~o" de and C2 = 2 f~o ~o" de. 
From the above inequality we also obt~ that 
h ~ m-1 <__h ~ ~om . - I  _<2 ~o''dz. 
rn----1 m----| 
Therefore 
We used the fact that Nk = 
,.ln)2 /01 kh ~ ~ Oh < 4T ~o ~ de < 2TC2. (4.13) 
n=l  m=l  h -- -- 
T. 
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LEMMA 4.4. There holds (.1 ) 1 )) 
khF, F, m~ .h F. o~-1+~.-~.0 -max oh F. 0~-'+~.-~.0 <_C~. 
nffi2 m=l  L=I t= l  
(4.14) 
where Cs /s  a positive constant that depends on the data but /s  independent of M, N and T. 
PROOF. By (4.10) and the Cauchy-Schwarz inequality 
I ( ) ( "  )1' 
M-1 i I 
max .h ~07-~+~. -g ,0  -max ~h ~07-~+~-0 ,0  
t= l  l=1 
M-1  M-1  
_<l ~h ~ (07-1- 07-~)12 _<o~h ~ (07-,- 07-2) ~ 
L=I l= l  
Division by k 2 and summation over 2 < n < N, and a subsequent multiplication by/~h show that 
the left hand side of (4.14) is bounded by a~hI~ ~'~N=I M-1 ~"~-m=~ ((0~m- 8"m-~)/b) ~ and therefore, 
by (4.8), we may choose Ca = a2C~. We turn to the proof of our main result. 
PROOF OF THEOREM 3.1. We construct he following piecewise constant functions, for for mh ~_ 
z < (m + 1)h and nk _< t < (n + 1)/~, where m = 0, 1, . . . ,  M - 1 and n = 0 ,1 , . . . ,  N - 1. 
and 
1 
~N.cx, t) = 2~ 
For nJ: _< t < (n + 1)J: and 0 < 
and 
0N(x,t) = o~, 
k 
-.~ ,aN~x,~ ~ = (o~+x - o~) 
h 
[(0n+-i.1 -- 20 n+l  "{-0~'F_ 1)  q- (0r~.l. 1 -- 20~ + 0n 1)] . 
z < 1, where n = 1,2, . . . ,N  - 1, we define ._1 ) (._1 )] 
~2 o~-1÷ ~. - 9. o -max .h F, 0~-' + ~. - ~. 0 
/=1 l= l  
O~'(x,t) = 0 O<z<l ,  O_<t<k.  
Here the subscripts t and z do not denote partial derivatives. It follows from (4.3), (4.8), (4.9) 
and (4.14) that the functions _~n, -x~N, -tJJv, 0~ and 0"R # are uniformly bounded in L2(~T) indepen- 
dently of N or M . Thus there exists an L 2 function 0 such that (for a subsequence) 
~N ..~ 0 weakly in L2(ftT), as N --* oo. (4.15) 
Moreover, by standard results [12,13] that (again for subsequences) 
0~- -0=,  ~N- -0 t  and 0-~ --9== (4.16) 
where 0ffi,0~ and 0== are the weak derivatives of 9. To pass the limit we rewrite (3.5) as 
- 0"- -1  \ 1 Ore+ 1 - 20,~ + 0.~_ 1 0,~+1 - 20,~ -1 + 
(1 + a 2) Or~ ~- '" ) -- ~ h2 Jr" /i 2 
.[ ( . i  ) ( . i  )] 
=-~ max ah ~ 8'~-1+la-g,O -max ah Z O~ -2+ la -g ,O  . (4.17) 
L----1 L=I 
In view of (4.16), we can now pass to the limit in the left hand side of (4.17). To pass to the 
limit in the right hand side of (4.17) it suffices to show that 
0~ ---" ~ max a 8d~ + la  - g, 0 in L2(0, T). (4.18) 
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Figure 2. (a) The  initial temperature  ~0; (b) the approach (full curve) to s teady sta~e 
(broken llne); (c) the evolut ion of  the stress. The  wall is at  = = 1 + g, a = 0~,  
g = 0.4 and  Q < 2 9 . 
It follows from Lemma 4.4 that, for some e E L2(~T) there holds 
0~ - e inL2(~). (4.19) 
Moreover, it follows from (4.8) and (4.13) that 
/0 F ~'-"[0~(, +,.~)- 0N(..t)l'd, • _< C,,' (4.51) 
Therefore the sequence {O N } is equicontinuous and therefore has a subsequence that converges 
strongly in L2(~T). Without loss of generality, we assume that 
O N --~ 8 (strongly) in L2(f~T). (4.22) 
Then (4.18) follows immediately from (4.19) and (4.55). Indeed, using the definition of the weak 
derivative and integration by parts, one can show that 
 /01 ) e=~ max a 0d~+la-g,0 
75 
0.0 0.2 0.4 0.6 0.6 1.0 
X 
(4 
o1.4 ;jy 
d ( 
0.15 0.25 g 0.65 -0.12 -0.06 -0.04 0.0 
displacement stress 
(‘4 (4 
Figure 3. (a) The initial temperature cp; (b) contraction, expmsion, contact, and 
contractian again; (c) the development of the streae. a = 0.5, g = 0.32 and a < 29. 
In view of (4.16) and (4.18), we have shown that 0 satisfies the equation (2.6) in the I@‘(S&) 
sence. It remains to prove that that 0 satisfies the initial condition (2.7) and that 0 vanishes 
on the lateral boundary. These are standard procedures and we refer to [12] for instance since 
0 e VJ(s2r). 
Finally since 0 E H solves (2.6)-(2.7) and the solution is unique, it follows that the whole 
iteration scheme (3.3)-(3.6) converges (not only for a subsequence). This concludes the proof of 
the theorem. 
REMARK 4.5. The convergence of the corresponding numerical scheme for the problem with the 
radiation condition (2.4) with constant @ can be proved in the same way. Indeed the modifications 
in the proof are minor. On the other hand taking into account condition (2.13) is much more 
complicated. 
5. NUMERICAL SIMULATIONS 
We present numerical solutions to the problem that show the possible types of behavior of the 
system. The computer code was based on the scheme (3.3)-(3.6). The scheme (and the program) 
behaved well for A = At/(Az)s(l + ol) < 1. In the examples we used B = 1 at z = 0. As we 
show, in some cases the evolution of the system is rather interesting. 
The interval 0 5 z < 1 was discretked with M = 50,h = 0.02 and we choose T = 0.4, 
N = 8000 and SO k = 0.000126. Then for o = 0.4 we have X = k/h2(l + a’) = 0.27. We show 
the evolution of the right edge, i.e., u(l,t), in time as well as the initial temperature and the 
evolution of the stress, u = a(t). 
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Figure 4. The problem with a radiation ccmdition, (2) The initial temperature ~; 
(b) the case ~3 --- 5; (c) the case ~3 -- 0.1. 
The choice of ~o(z) as in Figure 2a, with gap width g = 0.4 and a = 0.3, led to the monotone 
increase in the position of the right edge, but without contact, rapidly approa~-bing the steady 
state configuration, case (i) in Theorem 2.2. The same initial temperature with gap g - 0.1 
and a = 0.4 (i.e., a > 2g) results in the expAnAion and contact at time t ,~ 0.12 as depicted in 
Figure 2b. The system tends monotonically to the steady state, case (it) in Theorem 2.2. The 
development of the stress, computed from (2.10), can be seen in Figure 2c. Clearly it is zero as 
long as there is no contact, afterwards it is negative (compressive). 
Our most interesting example is with an oscillatory initial temperature, Figure 3a, g = 0.32 
and a = 0.5 (a < 2g). The right edge, as seen in Figure 3b, moves initially to the left, i.e., the rod 
contracts, then it expands until contact, it stays some time in contact with the wall, and finally 
contracts again, approaching the steady state. The stress in the system is depicted in Figure 3c. 
It is seen that such a "simple" (one-dimensional) system can have interesting behavior. We 
expect hat three-dimensions] systems are capable of much more complex behavior. 
6. SIMULATIONS OF PROBLEMS WITH RADIATION CONDITIONS 
In this section we present numerical simulation of two cases of the problem with the radiation 
condition (2.4) where ~ depends on 0. We have no convergence r sults for these cases, nevertheless 
it seems that our scheme can handle such problems as well. But first we present a ~at ion  
with -0= = fl0, fl = constant > 0 for which our proofs hold. 
The interval 0 < z < 1 was discretized as in Section 5 and the previous cheme wu 
appropriately. The initial temperature is depicted in Figure 4a. The behavior of the ~ is 
shown in Figures 4b and 4c for ~ = 5 and ~ = 0.1 respectively. There isa qu ick~ of contact in 
Figure 4b while in Figure 4c the right edge remains in contact for a Ions time, eveatusily leaving 
the wall [6, Section 6]. 
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Figure 5. The case when ~ depends on the gap/pre~mre. 
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Figure 6. The case with Primicerio's boundary condition. 
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Next we consider the case when ~ depends on r -- g - (a/2) - a f01 # d~. Thus the boundary 
condition is nonlinear and nonlocal. We choose ~(r) = Ae br and used a retarded argument in 
computing fl = ~(g - (a/2) - a f01 0 d~), i.e., at time level n the boundary condition at z - 1 was 
taken as 
Choosing A = 5 and b -- 20, i.e., ~(r) = 5 exp ( -20r )  and the initial temperature as in Figure 4a 
led to the behavior depicted in Figure 5. There g = 0.35 and a = 0.5, as in Figures 4]) and 4c. It 
is seen that the qualitative behavior is similar and the only difference is in the rate of convergence 
to the steady state. We expect that for different choices of fl one should get different types of 
behavior. 
Finally we considered the problem with Primicerio's condition [14] 
{ u=9"<g 
i.e., the heat exchange coefficient has the value fl0 > 0 when there is no contact and ~ - fix, 
upon contact. The numerical solution is depicted in Figure 6. Here k0 - 50 and kl = 5 and the 
rest of the parameters are as before. 
All the computations were done on a Macintosh SE/30 machifie. A typical run time was ~ 1200 
seconds. We had no unusual difficulties with the numerical computations. 
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